Abstract. A space X is said to have the Menger property if for every sequence {U n : n ∈ ω} of open covers of X, there are finite subfamilies V n ⊂ U n (n ∈ ω) such that n∈ω V n is a cover of X. Let i : S → R be the identity map from the Sorgenfrey line onto the real line and let X S = i −1 (X) for X ⊂ R. Lelek noted in 1964 that for every Lusin set L in R, L S has the Menger property. In this paper we further investigate Menger subsets of the Sorgenfrey line. Among other things, we show: (1) If X S has the Menger property, then X has Marczewski's property (s 0 ). (2) Let X be a zero-dimensional separable metric space. If X has a countable subset Q satisfying that X \ A has the Menger property for every countable set A ⊂ X \ Q, then there is an embedding e : X → R such that e(X) S has the Menger property. (3) For a Lindelöf subspace of a real GO-space (for instance the Sorgenfrey line), total paracompactness, total metacompactness and the Menger property are equivalent.
Introduction and preliminaries
In this paper all spaces are assumed to be regular T 1 . The symbols R, P and Q are respectively the space of real numbers, the space of irrational numbers and the space of rational numbers. The symbol C is Cantor's "middle thirds" set in the closed unit interval [0, 1] . In other words, C = { ∞ n=0 2k n 3 n+1 : k n ∈ {0, 1}, n ∈ ω}. We let S stand for the Sorgenfrey line and let i : S → R be the identity map. For X ⊂ R, we put X S = i −1 (X). The Sorgenfrey line has the topology generated by all half-open intervals [p, q) . The Sorgenfrey line is zero-dimensional, hereditarily Lindelöf and hereditarily separable [7] . For a set X, [X] ≤ω , [X] ω and [X] <ω are respectively the set of countable subsets of X, the set of countably infinite subsets of X and the set of finite subsets of X. Unexplained notions and terminology are the same as in [7] , [15] and [18] . Definition 1.1. According to [21] , a space X has the Menger property (or simply we say X is Menger ) if for every sequence {U n : n ∈ ω} of open covers of X, there are finite subfamilies V n ⊂ U n (n ∈ ω) such that n∈ω V n is a cover of X.
Hurewicz [11] introduced this covering property and showed that for a metric space this covering property is equivalent to property E introduced by Menger [17] . In the classic literature a space with the Menger property is called a Hurewicz space. Every σ-compact space has the Menger property and every space with the Menger property is Lindelöf. Every analytic set (i.e. the continuous image of P) with the Menger property is σ-compact (Hurewicz, 1925) . For a space X, X ω has the Menger property iff X is compact [1, Proposition 1] .
Since Scheepers' paper [21] , classical and new covering properties including the Menger property have been extensively studied by many researchers; for instance, see Tsaban [25] for a survey. Tsaban's paper [26] contains interesting open problems in this field.
Lelek showed in [16, Example] 
) for all but finitely many n ∈ ω. We say that a subset Y of ω ω is bounded if there is a g ∈ ω ω such that for each f ∈ Y, f ≤ * g. Otherwise, we say that Y is unbounded. The symbol b denotes the minimal cardinality of an unbounded subset in ω ω . We say that a subset Y of ω ω is dominating if for every f ∈ ω ω there is g ∈ Y with f ≤ * g. The minimal cardinality of a dominating subset in ω ω is denoted by the symbol d.
The following proposition is essentially due to Hurewicz [12] . For instance, the proof can be found in Wingers' paper [27 Definition 2.2. Let X be a subset of R. X is totally imperfect [15] if it has no subset which is homeomorphic to the Cantor cube {0, 1} ω . X has property (s 0 ) [23] if for every perfect set P in R (i.e. P is dense-in-itself and closed) there is a perfect set P in R such that P ⊂ P \ X.
Obviously every set with property (s 0 ) is totally imperfect. A Bernstein set is totally imperfect, but it does not have property (s 0 ). Property (s 0 ) is a common generalization of a universal measure-zero set and a perfectly meager set [18] . Proof. Let P be a non-empty perfect set in R. By Lemma 2.1 (1), we may suppose that P is homeomorphic to the Cantor cube {0, 1} ω . Since X is totally imperfect, P \ X is dense in P . Let D be a countable dense subset of P \ X. By Lemma 2.1
Obviously K is homeomorphic to {0,
Theorem 2.4. Let X be a subset of R. If X S is Menger, then X is Menger and has property (s
Proof. Obviously X is Menger by Lemma 1.4 (1). In view of Lemma 2.3, we have only to show that X is totally imperfect. Suppose that X has a subset C which is homeomorphic to {0, 1} ω . Let
Since S is hereditarily Lindelöf, I is countable. For every non-empty clopen subset U of C, the greatest element of U is in I. Hence I is dense in C. By Lemma 2.1 (2), C \ I is homeomorphic to ω ω , so it is not Menger. On the other hand, since (C \ I) S is closed in X S , it is Menger by Lemma 1.4 (2). Hence C \ I must be Menger. This is a contradiction.
Sufficient conditions
Definition 3.1. Let X be a subset of R and let Y be a space.
Continuous functions on S are exactly right-continuous functions on R; thus by Proposition 1.3 we obtain the following. (
The converse is trivial.
(2) Suppose that X is hereditarily Menger and let
≤ω . Hence Y S is Menger. The converse is trivial.
A subset of R is called a Lusin set if it is uncountable and has countable intersection with every meager set in R. A subset of R is called a Sierpiński set if it is uncountable and has countable intersection with every Lebesque measure-zero set in R. Such sets exist under the continuum hypothesis; see [18] . A Lusin set is not meager and a Sierpiński set is not Lebesque measurable. It is known that both a Lusin set and a Sierpiński set are hereditarily Menger; see [19, pp. 20, 30] .
Corollary 3.6. If X is a Lusin set or a Sierpiński set, then X S is hereditarily Menger.
Boaz Tsaban pointed out that the preceding corollary follows also from the results in [22, Theorems 3, 13] .
For each n ∈ ω we denote by 2 n the set of all sequences of 0's and 1's with length
) is compact, it has the minimum number p s and the maximum number q s . We put
Note that both Q 0 (C) and Q 1 (C) are countable and dense in C.
Lemma 3.7. Let C be a subset of R which is homeomorphic to {0, 1} ω . Let X be a zero-dimensional separable metrizable space and A be a countable subset of X. Then there are embeddings e 0 , e 1 : X → C such that e 0 (A) ⊂ Q 0 (C) and e 1 (A) ⊂ Q 1 (C).
Proof. Take any embedding e : X → C. Let Q be a countable dense subset of C containing e(A). There is a homeomorphism e : C → C such that e (Q) = Q 0 (C); see [7, 4. ≤ω . By Lemma 3.7, there is an embedding e 1 : X → C such that e 1 (A) ⊂ Q 1 (C). Note that each point of Q 1 (C) S is isolated in C S . Since e 1 (X) S is Menger, the closed set (e 1 (X) \ Q 1 (C)) S is Menger. Since the union of a Menger set and a countable set is Menger, (e 1 (X) \ e 1 (A)) S is Menger. Hence X \ A is Menger.
(2) Let Q be a countable subset of X such that X \ A is Menger for every
≤ω . By Lemma 3.7, there is an embedding e 0 : X → C such that e 0 (Q) ⊂ Q 0 (C). We show that e 0 (X) S is Menger. Let η : e 0 (X) → ω ω be a right-continuous map and let A be the set of all discontinuous points of η. By Lemma 3.3 A is countable. Note that η is continuous at any point in e 0 (X)∩Q 0 (C), because each point r of Q 0 (C) has a neighborhood base consisting of half-open intervals [r, r + ε).
is not dominating by Proposition 1.3. Since A is countable, η(e 0 (X)) is also not dominating. Thus by Lemma 3.2, e 0 (X) S is Menger.
Corollary 3.9. Let C be a subset of R which is homeomorphic to {0, 1}
ω . If X is a zero-dimensional separable metric space which is d-concentrated on a countable subset of X, then there is an embedding e : X → C such that e(X) S is Menger.
≤ω ; hence X \ A is Menger by Lemma 1.4 (4).
We observe that there are a zero-dimensional separable metrizable space X and two embeddings e, e of X into R such that e(X) S is not Menger, but e (X) S is Menger.
Example 3.10. Our construction is essentially due to [4, Theorem 16] . Let D = {f α : α < d} be a dominating subset of ω ω which satisfies the condition (*): for
is not Menger. Hence by Theorem 3.8 (1), there is an embedding e : X → R such that e(X) S is not Menger. On the other hand, the condition (*) on D implies that X is d-concentrated on Q. By Corollary 3.9, there is an embedding e : X → C such that e (X) S is Menger.
The converse of Theorem 3.8 (2) does not hold. First we observe that there is a pairwise disjoint family {C α : α < d} consisting of subsets of C \ Q 0 (C) such that each C α is homeomorphic to {0, 1} ω and moreover for every open subset U of C containing Q 0 (C) there is γ < d with α>γ C α ⊂ U . Indeed let E = {f α : α < d} be a dominating subset of ω ω such that f α < * f β for α < β. We may assume that E satisfies lim
Obviously K α is homeomorphic to {0, 1} ω and
Recall the space X = ϕ(D) ∪ Q ⊂ C constructed in Example 3.10 which is dconcentrated on Q. Applying Corollary 3.9, we take an embedding e α : X → C α such that e α (X) S is Menger. Let
. To show that Y S is Menger, we need the following.
is Menger, and (b) ( α≤γ e α (X)) S is also Menger. On the other hand, let
Proof of Claim. Fix γ < d. The statement (a) can be proved by the same arguments as in Lemma 1.4 (4). Let {U
Example 3.12. The notion of property (γ) was introduced by Gerlits and Nagy. A space with property (γ) (i.e. a γ-set) is Menger and totally imperfect [10] . Property (γ) is much stronger than the Menger property, but there is a γ-set Y in R such that Y S is not Menger. Indeed, under p = c, Galvin and Miller constructed in [9] a γ-set X ⊂ 2 ω such that X \ A is not Menger for some countable set A ⊂ X. By Theorem 3.8 (1) there is an embedding e : X → R such that e(X) S is not Menger.
The following question is open.
Question 3.13. Let X be a zero-dimensional separable metric space. If X is totally imperfect and Menger, then is there an embedding e : X → R such that e(X) S is Menger?
Hurewicz subsets of the Sorgenfrey line
In this section we observe analogous results on the Hurewicz property. Definition 4.1. According to [21] , a space X has the Hurewicz property (or simply we say X is Hurewicz ) if for every sequence {U n : n ∈ ω} of open covers of X, there are finite subfamilies V n ⊂ U n (n ∈ ω) such that every point of X is contained in V n for all but finitely many n ∈ ω.
This covering property was introduced by Hurewicz [12] . Obviously the Hurewicz property implies the Menger property. The following proposition can be proved in a similar way to Proposition 1.3, and it is necessary to show Theorem 4.4 below.
Proposition 4.2. Let X be a zero-dimensional Lindelöf space. Then X is Hurewicz iff every continuous image of X in ω
ω is bounded.
Definition 4.3.
A subset X of R is universally meager [28] if every Borel isomorphic image of X is meager in R. A subset X of R is a λ-set [18] if every countable subset of X is a G δ -set in X. ≤ω iff X is a λ-set with the Hurewicz property [13, Theorem 3] . (3) can be proved by the same method as in Proposition 3.5 (2). Neither the Michael line nor the Sorgenfrey line is totally metacompact [24] , [20] . Every totally paracompact space is trivially totally metacompact. But the converse is not true; see [2, p. 753 ]. Curtis proved in [5, Theorem 3.1] that every space with the Menger property is totally paracompact. On the other hand, Lelek proved in [16] that for separable metrizable spaces, total metacompactness, total paracompactness and the Menger property are equivalent. Total paracompactness of real GO-spaces was studied by Balogh and Bennett [2] , where a real GO-space is a generalized ordered space constructed on the real line R with the usual order. They gave a characterization of total paracompactness of real GO-spaces and showed that for real GO-spaces total metacompactness and total paracompactness are equivalent. Note that both the Michael line and the Sorgenfrey line are real GO-spaces.
Balogh and Bennett asked in [2, Problem 3.1] a necessary and sufficient condition for subspaces of a real GO-space to be totally paracompact (or totally metacompact). Concerning this problem, we show that for subspaces of the Sorgenfrey line total metacompactness, total paracompactness and the Menger property are equivalent.
We denote by N the set of positive integers. Proof. Since X is also a GO-space, it is the pairwise disjoint union of subsets I, R, L and E, where
We have only to show that total metacompactness of X implies the Menger property of X. Let X be totally metacompact. Since X = {X ∩ [n, n + 1] : n = 0, ±1, · · · } and each X ∩ [n, n + 1] is totally metacompact, we may suppose X ⊂ [0, 1]. Recall that the usual metric d(x, y) = |x − y| on [0, 1] is totally bounded (in particular, totally bounded on X). Hence for each n ∈ N there is a finite set
n . Let {U n : n ∈ N} be a sequence of open covers of X. Our goal is to find finite subfamilies V n (n ∈ N) such that {V n : n ∈ N} covers X. For each x ∈ X \ I and n ∈ N, take U n (x) ∈ U n containing x. Moreover, we define a positive real number r n (x) which satisfies (1)
We show that B = {{x} : x ∈ I} ∪ {B n : n ∈ N} is a base of X. Let x ∈ X \ I and let U be an open neighborhood of x. We examine only the case x ∈ R. Other cases can be proved similarly. Take m ∈ N with [x, x + 1/2 m ) X ⊂ U . Since x ∈ R, there is y ∈ X with x < y < x + 1/2 m . Take n ∈ N which satisfies (a) n > m, (b) y + 1/2 n−1 < x + 1/2 m and (c) x < y − 1/2 n−1 . Moreover for this n ∈ N take z ∈ F n with d(y, z) = |y − z| < 1/2 n . Then V n (x) ∪ V n (z) = [x, x + r n (x)) X ∪ V n (z) is a member of B n . Obviously the condition (a) implies V n (x) = [x, x + r n (x)) X ⊂ [x, x + 1/2 m ) X ⊂ U . Note that the conditions (a), (b) and (c) above imply the order hence V n (z) = (z − r n (z), z] X ⊂ [x, x + 1/2 m ) X ⊂ U . The case z ∈ E follows from the cases z ∈ R and z ∈ L.
By total metacompactness of X, there are subfamilies B n ⊂ B n (n ∈ N) such that {B n : n ∈ N} is point-finite and covers X \ I. Each member of B n contains a point of F n . Therefore each B n must be finite. Since each set of the form V n (x) is contained in a member of U n , there are finite subfamilies V n ⊂ U n (n ∈ N) such that {V n : n ∈ N} covers X \ I. Since X is Lindelöf, X \ {V n : n ∈ N} is countable. Taking a suitable member W n ∈ U n for each n ∈ N, we can have a cover {V n ∪ {W n } : n ∈ N} of X. The proof is complete. 
